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Figure4.3: Shapedependenceofthetransientsignalanderrorinthemeasured
bispectrumatk1=0.2h/Mpcatz=1fromZel’dovichand2LPTinitialconditions
comparedtotheSPTprediction.Thetoppanelsshowthetransientsignal,whichis
highestinthesqueezedandelongatedconfigurations.Thebottompanelsshowthe
error,whichishighestintheequilateralconfiguration.
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4.4 Phenomonological Models
Wenowtesttheaccuracyofvarioustheoreticaltemplatesforthenonlinearbis-
pectrumagainstthemeasuredmatterbispectrumfromN-bodysimulations. For
comparison,weusetheresultofzinit=400(2LPT)simulation,asthenonlinearmat-
terbispectrameasuredfromother2LPTsimulationsconvergetoit,andthetransient
signalwilbeverysmalinthissimulation.
Onlargeenoughscales,theleadingorder(treelevel)predictioninEquation4.20
isenoughtomodelthematterbispectrum. Modelingthematterbispectrumon
smalerscaleswherenonlinearitiesbecomestronger,however,requiresmoreelaborate
calculation.
Onquasi-linearscales,weexpectthenext-to-leadingorder(one-loop)bispectrum
inSPTtomodelthenonlinearevolutionreasonablywel.Thenext-to-leadingorder
matterbispectrumisgivenbyfouradditionalone-loopterms(Bernardeauetal.2002):
B1loop(k1,k2,k3)=B
tree(k1,k2,k3)+B
(222)(k1,k2,k3)+B
(123a)(k1,k2,k3)
+B(123b)(k1,k2,k3)+B
(114)(k1,k2,k3), (4.29)
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whereBtreeistheleadingorderbispectruminEquation4.20and
B(222)(k1,k2,k3)=8
d3q
(2π)3
F
(s)
2 (q,k1−q)F
(s)
2 (−q,k2+q)F
(s)
2 (q−k1,−k2−q)
×PL(q)PL(|k1−q|)PL(|k2+q|), (4.30)
B(114)(k1,k2,k3)=12PL(k2)PL(k3)
d3q
(2π)3
PL(q)
×F
(s)
4 (q,−q,−k2,−k3)+(2cyc.), (4.31)
B(123a)(k1,k2,k3)=6PL(k1)
d3q
(2π)3
PL(q)PL(|k2−q|)
×F
(s)
2 (q,k2−q)F
(s)
3 (−q,q−k2,−k1)+(5cyc.), (4.32)
B(123b)(k1,k2,k3)=6PL(k1)PL(k3)F
(s)
2 (k1,k3)
×
d3q
(2π)3
F
(s)
3 (q,−q,k3)PL(q)+(5cyc.), (4.33)
arenon-linearcorrectionswithF
(s)
n beingsymmetrickernelsencodingthefastest
growingmodeofthenonlineardensityevolution(seeAppendixAfordensitykernels).
Notethattheexpressionaboveiscompletelydeterminedbythegivenlinearmatter
powerspectrumPL(k).
OnsmalerscaleswhereSPTbreaksdownduetostrongnonlinearities,various
phenomenologicalmodelshavebeenproposedasanalternativewayofpredictingthe
nonlinearbehaviorofthematterbispectrum. Here,weconsiderthreesuchmodels
forthenonlinearmatterbispectrum.
ThesimplestmodelthatweconsiderisPT+,whereweattributetheentiretyof
thenonlinearitiesinthematterbispectrumtothenonlinearmatterpowerspectrum.
ThisleadstoanexpressionthatisidenticaltoEquation4.20,butusesthemeasured
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(fuly-nonlinear)powerspectrumfromtheN-bodysimulationinplaceofthelinear
powerspectrum:
B(k1,k2,k3)=2F
(s)
2 (k1,k2)P(k1)P(k2)+(2cyc.). (4.34)
Thismodelismotivatedfromtheexpressionoftheone-loopbispectruminEquation
4.29,whichcanbewrittenasB1loop(k1,k2,k3)=2F
(s)
2 (k1,k2)P1loop(k1)P1loop(k2)+
2(cyc.)+(irreducibleterms),withtheone-looppowerspectrumP1loop(k).Inthelan-
guageoftherenormalizedperturbationtheory(Crocce&Scoccimarro2006),PT+
correspondstofixingthe‘vertex’(thekernelF
(s)
2 )whileusingtherenormalizedprop-
agator(powerspectrumP(k)).
PT+isasimplifiedversionofthefittingformulaproposedbyScoccimarro&
Couchman(2001)(hereafter,SC),wheretheF
(s)
2 kernelinEquation4.34isreplaced
bytheeffectivekernelFeff2 asfolows:
Feff2(ki,kj)=
5
7
a(ni,ki)a(nj,kj)
+
1
2
cos(θij)
ki
kj
+
kj
ki
b(ni,ki)b(nj,kj)
+
2
7
cos2(θij)c(ni,ki)c(nj,kj). (4.35)
Here,θijistheanglebetweentwowavevectorskiandkj,andF
eff
2 reducestothePT
kernelinEquation1.25whena=b=c=1. Thethreefunctionsa(n,k),b(n,k),
c(n,k)arefunctionsofthewavenumberkandtheeffectiveslopeofthelinearpower
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spectrumn≡dlnPL(k)/dlnk:
a(n,k)=
1+σa68(z)[0.7Q3(n)]
1/2(qa1)
n+a2
1+(qa1)n+a2
, (4.36)
b(n,k)=
1+0.2a3(n+3)q
n+3
1+qn+3.5
, (4.37)
c(n,k)=
1+4.5a4/[1.5+(n+3)
4](qa5)
n+3
1+(qa5)n+3.5
, (4.38)
whereq≡k/knl,withnonlinearscaleknldefinedbythewavenumberatwhichthe
dimensionlesspowerspectrum∆2(k)≡k3PL(k)/(2π
2)becomesunity∆2(knl)≡1,
andQ3(n)≡(4−2
n)/(1+2n+1).SCfittheparametersa1througha6usingthe
bispectrummeasuredfromP3Msimulations(Jenkinsetal.1998)with2563particles
in240Mpc/hboxtofindthata1=0.25,a2=3.5,a3=2,a4=1,a5=2,a6=−0.2.
Recently,Gil-Maŕınetal.(2012)(hereafter,GM)proposedextendingtheSC
modelfurtherwith3additionalparameters,wherea(n,k),b(n,k)andc(n,k)inthe
effectivekernelFeff2 arereplacedbythetildedfunctions:
ã(n,k)=
1+σa68(z)[0.7Q3(n)]
1/2(qa1)
n+a2
1+(qa1)n+a2
, (4.39)
b̃(n,k)=
1+0.2a3(n+3)q
n+3(qa7)
n+3+a8
1+(qa7)n+3.5+a8
, (4.40)
c̃(n,k)=
1+4.5a4/[1.5+(n+3)
4](qa5)
n+3+a9
1+(qa5)n+3.5+a9
. (4.41)
Thedefinitionsforn,q,knl,andQ3arethesameasabove,exceptinthismodeln(k)
issmoothedsotheoscilatoryfeaturesfromtheBAOareremoved(furtherdiscussion
ofthiscanbefoundinGil-Maŕınetal.(2012)). Then,GMfittheparametersa1
toa9usingthemeasuredmatterbispectrumfromtwosetsofN-bodysimulations,
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onewithL=2.4Gpc/h(7683particles),andonewithLb=1.875Gpc/h(1024
3
particles),tofindthebest-fitparametersofa1=0.484,a2=3.740,a3=−0.849,
a4=0.392,a5=1.013,a6=−0.575,a7=0.128,a8=−0.722,a9=−0.926.
Notethattheconditionsonwhichthefittingformulaearedevelopedisquite
different. WhileSChaveusedthematterbispectrumataltriangularconfigurations
(atotalofaboutamiliontrianglesfork≤ 2.3h/Mpc)atredshiftz=0and
z=1,GMhaveonlyusedcertainconfigurations(θ12/π=0.1,0.2,···,0.9and
k2/k1=1.0,1.5,2.0,2.5,fork2<0.4Mpc/h)atfourdifferentredshiftsz=0,0.5,
1,1.5. Moreover,theyaresubjecttodifferentlevelsoftransienterrorsastheΛCDM
simulationsusedbySCaregeneratedatzinit=30withtheZel’dovichapproximation,
andthesimulationsusedbyGMaregeneratedby2LPTatzinit=19(2.4Gpc/hbox)
andzinit=49(1.875Gpc/hbox).
Totestthevalidityofeachofthephenomenologicalformulaeoutsideofthedy-
namical(Fourier)rangesandredshiftrangesatwhichthemodelsarefittedfor,we
comparethemodelpredictionstomeasuredbispectraatredshifts1<z<6inboth
large-scale(1Gpc/h)andsmal-scale(200Mpc/h)simulations. Wecomparethese
tothepredictionsfromtree-levelPT,PT+,and1-loopPT.ForboththeSCand
GMmodels,wecalculatetheeffectiveslopeofthelinearpowerspectrumn(k)from
theBAO-smoothedlinearpowerspectrumwhichprovidesbetteragreementthanthe
n(k)includingBAO.
First,wecheckthatwecanreproducetheresultsfromGil-Maŕınetal.(2012)
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Figure4.4: Thebispectrumatz=0measuredfromthe1Gpc/hsimulation,
comparedtotheSC(green),GM(blue),PT(grey),andPT+(red)models. The
topplotshowsthefulflattenedbispectrum,andthebottomplotshowsonlythe
squeezedandequilateraltrianglesasafunctionofk1.
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Figure4.5:Thebispectrumatz=1measuredfromthelarge-box(left)andsmal-
box(right)simulations,comparedtotheSC(green),GM(blue),PT(grey),andPT+
(red)models.Thetopplotshowsthefulflattenedbispectrum,andthebottomplot
showsonlythesqueezedandequilateraltrianglesasafunctionofk1.
atz=0onlargescales. WeexpectthattheGMmodelisthemostaccuratehere,
becausetheirmodelparameterswerefitfromasimilarsimulation.Figure4.4shows
themeasuredbispectrumatz=0fromthe1Gpc/hsimulation,comparedtothe
SCandGMmodels,aswelasPTandPT+.Thetopplotshowsthefulflattened
bispectrum,andthebottomplotshowsonlythesqueezedandequilateraltriangles
asafunctionofk1. WecanseethattheGMmodelfitsthedatabestonthesescales
atz=0.
Nextwelookatz=1inboththe1Gpc/hand200Mpc/hsimulations.Figure
4.5comparesthemeasuredbispectrumtothemodelsatz=1. Theleftcolumn
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Figure4.6:Thebispectrumatz=6measuredfromthelarge-box(left)andsmal-
box(right)simulations,comparedtotheSC(green),GM(blue),PT(grey),andPT+
(red)models.Thetopplotshowsthefulflattenedbispectrum,andthebottomplot
showsonlythesqueezedandequilateraltrianglesasafunctionofk1.
showstheresultsfromthelarge-boxsimulation,andtherightshowsthesmal-box
simulation. Notethatthek1rangeinthebottomplotsoverlaps,butweplotthe
resultsfromthetwosimulationsseparatelyforclarity.Alsonotethatthemeasured
signalforsqueezedtrianglesfromthetwosimulationswilbeslightlydifferentdue
tothedifferentresolutions.Fromtheseplots,weseethatevenatthisrelativelylow
redshift,theSCmodelpredictsthemeasuredbispectrumbetterthantheupdated
GMmodel,especialyonsmalscalesforequilateraltriangles.
Athigherredshift,z=6,theGMmodelbadlyover-predictsthefulbispectrum.
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Figure4.6showsthemeasuredbispectrumatz=6frombothsimulationscompared
tothemodels.Here,thepredictionsfromperturbationtheory(1-loopandPT+)are
moreaccuratethaneitherofthephenomenologicalmodels. TheSCmodelslightly
over-predictsthebispectrumonalscales.
Itisclearfromthesecomparisonsthatonemustcarefulyconsidertherangeof
validityofagivenmodelwhenpredictingthenonlinearbispectrum.Atz=0onlarge
scales,theGMmodelundoubtedlygivesthebestprediction,butoutsideofthat,itis
safertousetheSCmodel.Athighredshift(z=6),thePTmodelsaresufficient,and
infactinsomecasesbetter,formodelingthenonlinearbispectrum.Furtherworkis
neededtodevelopamorereliablemodelofthenonlinearbispectrum.
4.5 Conclusion
Currentandfuturesurveyspromiseever-moreaccurate measurementsofthe
galaxythree-pointfunctionandbispectrum. These measurementscangiveusa
betterunderstandingofthegrowthofstructure,galaxybias,andprimordialnon-
Gaussianity.Extractinginformationfromthegalaxy3-pointfunctionrequiresaccu-
ratemodelingofthenonlineardark-matterdensityfield.
Wehaveshownthatwhenstudyingthematterbispectrumnumericaly,itisim-
portanttounderstandtheeffectsoftransientsfrominitialconditionsinsimulations.
Basedonoursuiteofsimulations,werecommendusing2LPTinitialconditions
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withzinit≥ 100tomodelthematterbispectrumwithinafewpercentonscales
k<1h/Mpcatredshifts6≥z≥1.
Anotherchalengeismodelingthenonlinearbehaviorofthebispectrumbeyond
tree-levelperturbationtheory. WehaveshownthattheSCmodelisthemostreliable
onbothlargeandsmalscales,athighandlowredshift.However,othermodels(per-
turbationtheoryandtheGMmodel)aremoreaccurateinspecificregimes.Further
workisneededtodevelopamorereliablemodelofthenonlinearbispectruminorder
toeffectivelyextractcosmologicalinformationfromthegalaxybispectrum.
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Chapter5
The3-pointCorrelationFunction
inRealandRedshiftSpace
Assurveyspreparetodelivervastamountsofdatamakinghigher-pointstatistics
become moreaccessible,ourunderstandingoftheeffectsofsystematics,suchas
nonlinearityandredshift-spacedistortions,onhigher-pointstatisticsmustimprove.
Byincludingtheseeffectsinourtheoreticalmodelsofthestatistics,wecanmore
accuratelyconstraincosmologicalparametersfromthedata.
InChapter4,wediscussedthechalengestomodelingthenonlinearbispectrum,
bothnumericalyandanalyticaly.Themodelsweconsideredwerealinrealspace,
meaningtheydidnotincludetheeffectsofredshift-spacedistortionsonthebispec-
trum. Whilesomeattemptshavebeenmadetomodelthebispectruminredshift
spacetheresultsarevalidoveralimitedrangeofscalesandaswiththepowerspec-
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trum,theresultsinvolveintegrationsovercomplicatedkernels(Scoccimarroetal.
1999;Smithetal.2008;Maŕınetal.2013).Sofar,thereisnosatisfactorymodelof
the3-pointcorrelationfunctioninredshiftspace.Inordertoaccessthefulinforma-
tionofthe3-pointstatisticsofthegalaxydensityfield,wemustmodeltheeffectsof
redshift-spacedistortionsontheunderlyingmatterdensityfield.
InthisChapter,weshowhowtheconfiguration-spaceapproachtoperturbation
theorypresentedinChapter2canbeusedtocalculatethetree-level3-pointcorrela-
tionfunction.InSection5.1,weshowhowtoperformthecalculationinrealspace.
TheresultagreeswithapreviousresultfoundbyFourier-transformingthetree-level
bispectrumfromSPT.InSection5.2weextendourcalculationtoredshiftspace,
whichisnotpossibleintheFourier-spacemethod. WeconcludeinSection5.4
5.1 RealSpace
Thetree-level3-pointcorrelationfunctioninrealspacecanbecomputedby
Fourier-transformingEquation4.20(Bernardeauetal.2002). Herewederivethe
sameresultusingafulyconfiguration-spaceapproach.
Westartwith2ndorderLagrangianPerturbationTheory(2LPT),whichmaps
particles’initialpositionsqtotheirfinalpositionsxthroughthegradientofthe
2nd-orderpotentialfield:
x=q−D1∇qφ
(1)(q)+D2∇qφ
(2)(q), (5.1)
105
CHAPTER5. THE3-POINTCORRELATIONFUNCTIONINREALAND
REDSHIFTSPACE
whereD2(τ)≈−
3
7
D21(τ)inamatter-dominateduniverse(Bouchetetal.1995).The
potentialsaredefinedas:
∇2qφ
(1)(q)=δL(q)=I1(q), (5.2)
∇2qφ
(2)(q)=
i>j
φ
(1)
,iiφ
(1)
,jj−(φ
(1)
,ij)
2=I2(q), (5.3)
whereI1andI2areinvariantsofthedeformationtensordijdefinedinChapter2:
dij(q)=
∂2φ(1)(q)
∂qi∂qj
. (5.4)
I1(q)isthetraceofdij(q)andI2(q)isthetraceoftheminorsofdij(q).
UsingtheJacobianofthetransformationfromqtoxwewritethedensityto
secondorderin2LPT:
δ(q)=D I1(q)+
3
7
DI2(q) +D
2 I1(q)
2−I2(q)+.. (5.5)
=DI1(q)+D
2 I1(q)
2−
4
7
I2(q) +.. (5.6)
Wethenexpressthisasafunctionof xinsteadofqusingaTaylorexpansion,as
wedidinChapter2:
δ(x)=DI1(x)+D
2 I1(x)
2−
4
7
I2(x)+∇φ
(1)(x)·∇I1(x) +.. (5.7)
AswesawinSection4.2,2LPTcorrectlyreproducesthe2nd-orderdensitykernels
(F
(s)
2 ),sothetree-level3-pointcorrelationfunctioncanbecomputedusing2LPTand
wilagreewiththeSPTresult.
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FromtheexpressionforthedensityinEquation5.7wecancalculatethetree-level
3-pointcorrelationfunctioninrealspace:
δ(x1)δ(x2)δ(x3)=D
4 δ(1)(x1)δ
(1)(x2)δ
(2)(x3)+2cyclic +O(D
6), (5.8)
whereδ(1)isthefirst-orderdensityterm(I1(x))andδ
(2)isthesecond-orderdensity,
I1(x)
2−4
7
I2(x)+∇φ
(1)(x)·∇I1(x).Thetwocyclictermsarethepermutationsof
x1,x2,andx3thatdonotrepeat.
TheexpectationvalueinEquation5.8ismadeupofthreeterms: I1(x1)I1(x2)I
2
1(x3),
I1(x1)I1(x2)I2(x3),andI1(x1)I1(x2)∇φ
(1)(x3)·∇I1(x3).Eachofthesetermscan
bereducedtoproductsofexpectationvaluesbetweentwolinearquantitiesusing
Wick’stheorem.Eachexpectationvaluewilbeafunctionofthelengthofoneofthe
sidesthetriangledefinedbyx1,x2,x3:r1=x1−x3,r2=x2−x1,andr3=x3−x2.
Tocalculatetheseexpectationvalues,westartbyassumingthatthe3sidesof
thetrianglearealongthelineofsightdirection(̂z).Inthiscase,theexpectation
valuessuchasI1(x1)d11(x3)areparticularlyeasytocalculatebecauser1=x1−x3
isalongẑ,sok·r1=krcosθk:
I1(x1)d11(x3)=
1
(2π)3
P(k)
k2x
k2
eik·(x1−x3)d3k
=
1
(2π)3
P(k)
k2x
k2
eikr1cosθkd3k
=
1
3
ξ00(r1)+
1
3
ξ02(r1). (5.9)
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Altogether,theline-of-sight3-pointfunctionis:
ζLOS(r1,r2,r3)=D
4 34
21
ξ00(r1)ξ
0
0(r3)−cosθ31 ξ
1
1(r1)ξ
−1
1 (r3)+ξ
−1
1 (r1)ξ
1
1(r3)
+
8
21
ξ02(r1)ξ
0
2(r3)+2cyclic . (5.10)
Becausealthreelegsofthetrianglearealongẑ,thetriangleiscompletelyflattened,
soθ12=π,andθ23=0,andθ31=0.
Forageneraltrianglenotalongthelineofsight,suchasinFigure5.1,wecan
imaginethevectorsr1,r2,andr3,initialyalongẑ,arerotatedbyanglesβ,β,and
β aboutthey-axis.Toformatriangle,theanglesβandβ aredeterminedbythe
angleβandtheinner-anglesofthetriangle(θ12,θ23,andθ31). Theserelationsare
giveninFigure5.1.
Tocalculatetheexpectationvaluesinthecaseofageneraltriangle,wecorre-
spondinglyrotateourcoordinatesystemforeachleg.Forexample,werotater1byβ,
sothed11componentofthedeformationtensorinthenewcoordinatesystem(primed
quantities)intermsoftheline-of-sightquantities(unprimed)is:
d11(x)=cos
2(β)d11(x)−2cos(β)sin(β)d13(x)+sin
2(β)d33(x). (5.11)
Theexpectationvalue I1(x1)d11(x3)inthenewcoordinatesystembecomes:
I1(x1)d11(x3)=cos
2(β)I1(x1)d11(x3)−2cos(β)sin(β)I1(x1)d13(x3)
+sin2(β)I1(x1)d33(x3)
=
1
3
ξ00(r1)+
1
6
(3cos(2β)−1)ξ02(r1). (5.12)
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Figure5.1:Schematicforcalculatingthe3-pointcorrelationfunctionforageneral
triangularconfigurationinrealspace. Givenr1,r2,andr3alongtheline-of-sight
(left),wecanconstructatrianglebyrotatingeachlegbysomeangleaboutthey
axistogetatriangleinthex-zplane,asshown.The3rotationanglescanberelated
throughtherotationangleofr1(βandtheinneranglesofthetriangle,θ12,θ23,and
θ31.
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ThefirstinvariantI1remainsunchangedbecauseitisinvariantunderrotations.
Ther3legofthetriangleisrotatedbyangleβ+θ31,sothesameexpectation
valuebetweenx2andx3wilbe:
I1(x2)d11(x3)=cos
2(β+θ31)I1(x2)d11(x3)+sin
2(β+θ31)I1(x2)d33(x3)
−2cos(β+θ31)sin(β+θ31)I1(x2)d13(x3)
=
1
3
ξ00(r3)+
1
6
(3cos(2(β+θ31))−1)ξ
0
2(r3). (5.13)
Ifweaddupalofthetermsinthe3-pointcorrelationfunctionweget:
ζ(r1,r2,r3)=D
4 34
21
ξ00(r1)ξ
0
0(r3)−cosθ31 ξ
1
1(r1)ξ
−1
1 (r3)+ξ
−1
1 (r1)ξ
1
1(r3)
+
2
21
(1+3cos2θ31)ξ
0
2(r1)ξ
0
2(r3)+2cyclic . (5.14)
Wecanseethatthisisequaltoequation5.10for θ31=0,θ12=π,andθ23=0.
ThisexpressionisequivalenttothatgiveninBernardeauetal.(2002),foundby
Fourier-transformingthetree-levelbispectrumfromSPT.
5.2 RedshiftSpace
UnliketheinFourier-spaceapproach,wecaneasilyextendthiscalculationto
redshiftspace.Thetransformationfromrealtoredshiftspaceis:
s=x(q)−Df(∇qφ(q)·̂z)̂z, (5.15)
wheresistheredshift-spaceposition,fisthelineargrowthrate,dlnD/dlna,and
ẑistheline-of-sightdirection.
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Theredshift-spacedensitytosecondorderis:
δs(q)=D(I1(q)+fdnn(q))+D
2 (I1(q)+fdnn(q))
2
−
4
7
((1+f)I2(q)−fMnn(q)) +.. (5.16)
wherednnistheline-of-sightcomponentofthedeformationtensor,andMnnisthe
correspondingminorofthematrix.
Wewritethedensityasafunctionofredshift-spacecoordinate s:
δs(s)=D(I1(s)+fdnn(s))+D
2(I1(s)+fdnn(s))
2−
4
7
((1+f)I2(s)−fMnn(s))
+ ∇φ(1)(s)+f(∇qφ
(1)(s)·̂z)̂z·∇(I1(s)+fdnn(s))+.. (5.17)
Forageneraltriangleinreal(isotropic)space,theangleβcancelsoutintheful
3-pointfunction(equation5.14),asexpected.Thisisbecausethereal-space3-point
correlationfunctionisindependentoftheorientationofthetriangle.
Inredshiftspace,wheretheẑdirectionisourlineofsight,ingeneralweexpect
the3-pointcorrelationfunctiontodependonthisangle.But,thisisnotenoughto
fulydescribethetriangleinredshiftspace:wealsoneedtotakeintoaccountthe
anglethattheplaneofthetrianglemakeswiththelineofsight.Intheprevious
section,thetriangleweconsideredinthex-zplanemakesanangleα=π/2withthe
lineofsight(seelowertriangleinFigure5.2).Todescribeanytriangle,afterrotating
eachsidebyitsangleaboutthey-axis,wecanrotatealofthesidesbysomeangle
φ=π/2−αaboutthex-axis.ThisisshownintheuppertriangleinFigure5.2.The
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Figure5.2:Schematicforcalculatingthe3-pointcorrelationfunctionforageneral
triangularconfigurationinredshiftspace.Thetriangle,originalyinthex-zplane,is
rotatedaboutthexaxisbyangleφ.
βangledescribestheorientationofr1withintheplaneofthetriangle,withrespect
totherotatedẑaxis.
Tocalculatetheexpectationvaluesinredshiftspace,wemustincludetheaddi-
tionalrotationbyφaboutthexaxis.Inthisnewcoordinatesystem(doubleprimed
quantities),d11(x)isunchanged:
d11(x)=cos
2(β)d11(x)−2cos(β)sin(β)d13(x)+sin
2(β)d33(x), (5.18)
andd22(x)isnow:
d22(x)=cos
2(φ)d22(x)+cos
2(β)sin2(φ)d33(x)+cos(β)sin(2φ)d23(x) (5.19)
+sin(2φ)sin(β)d12(x)+sin
2(φ)sin2(β)d11(x)+sin
2(φ)sin(2β)d13(x).
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Fortheredshift-spacecorrelationfunction,weuseδ(1)andδ(2)fromEquation
5.17,andcalculatetheexpectationvaluesinthesamewayasdescribedabove.The
resultingexpression,whichisafunctionofs1,s2,s3,φ=π/2−α,andβ,aswelas
thegrowthratef,containsmanytermsinvolvingproductsofthelinearcorrelation
functionsξmn(r).Tosimplifyslightly,wemarginalizeovertheβdependence,because
wearemoreinterestedindependenceonα:
ζα(s1,s2,s3,α)=
1
2π
2π
0
ζ(s1,s2,s3,α,β)dβ. (5.20)
Theexpressionforζα(r1,r2,r3,α)canbewritteninthefolowingway:
ζα(r1,r2,r3,α)=
8
=0
1
m=−1
5
n1,n2=0
f/2A,mn1,n2(f,x)ξ
m
n1
(r1)ξ
−m
n2
(r2)P(cosα) (5.21)
+(2cyclic),
wherexisthecosineofthecorrespondinginner-angleofthetriangle(here,x=
cosθ12).TheA
,m
n1,n2
termsaregiveninAppendixC,groupedbymultipole.
5.3 Discussion
WenowlookatthetheoreticalpredictionsmadeinSection5.2forthereal-and
redshift-space3-pointcorrelationfunctions.Inordertoverifyourresults,wealso
lookatpreliminarycomparisonstoN-bodysimulationdata.
Wefirstconsiderthemonopoleinredshiftspace,whichisdefinedas:
ζ0(s1,s2,s3)=
π/2
−π/2
ζα(s1,s2,s3,α)sinαdα. (5.22)
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Theintegralpicksoutonlythe =0termsinEquation5.21.
Figure5.3showsthe3-pointcorrelationfunctionofseveralisoscelesconfigurations
inrealandredshiftspace.Itshowsthe3-pointcorrelationfunctionofequilateral
trianglesinrealspace(blackline),redshift-spacemonopole(blueline),andζαfor
α=0(dashedgreenline),andα=π/2(dot-dashedgreenline).Theupperleftpanel
showsequilateraltriangles,theupperrightshowsr2=r3=2r1,andsoon.Notice
thatthemonopoletermissimilar(butnotequivalentto)thereal-spaceprediction
intheseconfigurations. Also,thesignalfromtrianglesalongtheplaneofthesky
(α=0)isboostedcomparedtothatfromtrianglesperpendiculartotheplaneofthe
sky(α=π/2).Thisissimilartowhatweseeinthe2-pointcorrelationfunctionin
redshiftspace.
Wecanalsolookatthereduced3-pointcorrelationfunction:
Qα(s1,s2,s3,α)=
ζα(s1,s2,s3,α)
ξ
(1)
s (s1)ξ
(1)
s (s2)+ξ
(1)
s (s1)ξ
(1)
s (s3)+ξ
(1)
s (s2)ξ
(1)
s (s3)
, (5.23)
where
ξ(1)s (s)= 1+
2f
3
+
f2
5
ξL(s), (5.24)
istheangular-averaged(monopole)linearcorrelationfunctioninredshiftspace.
Figure5.4showsthedependenceofthetree-levelreduced3-pointcorrelationfunc-
tiononopeningangle(θ12)forr1=10and20Mpc/h,fordifferentratiosofr2/r1in
realandredshiftspace.Theleftpanelsshowthereal-spacepredictionandtheright
panelsshowQαforα=0(dashedlines)andα=π/2(solidlines). Wecanseeagain
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Figure5.3:The3-pointcorrelationfunctionofseveralisoscelestriangleconfigura-
tionsforrealspace(blacklines),redshiftspacemonopole(blueline),redshift-space
forα=0(dashedgreenline),andα=π/2(dot-dashedgreenline).Theupperleft
panelshowsequilateraltriangles,upperrightshowsr2=r3=2r1,lowerleftshows
r2=r3=3r1,lowerrightshowsr2=r3=4r1.
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Figure5.4: Reduced3-pointcorrelationfunctioninrealandredshiftspaceasa
functionofopeningangle,θ12forr1=10(toppanels)and20Mpc/h(bottompanels).
Theleftpanelshowsthereal-spacereducedbispectrumandtherightpanelshowsthe
redshift-spacebispectrumforα=0(dashedlines)andα=π/2(solidlines).
thatforα=0,Qαisboostedcomparedtoα=π/2.Also,thedipatθ12=π/2in
thereducedbispectrumisdeeperfortheα=π/2case.
Itisclearthatredshift-spacedistortionshaveaconsiderableeffectonthe3-point
statisticsofthematterdensity,introducingadependenceonorientationfromthe
line-of-sightdirectionthatdoesnotexistinrealspace.
Next,wecompareourpredictionfortheangular-averaged3-pointcorrelationfunc-
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tion(monopole)tomeasurementsfromanN-bodysimulation. Weuse4dark-matter
realizations,eacha1(Gpc/h)3box,tomeasurethe3-pointcorrelationfunctioninreal
andredshiftspaceatz=0.The10243particlesineachsimulationsweresubsampled
toreducecomputingtime1.
The3-pointcorrelationfunctionwasmeasuredineachvolumeinbothrealand
redshiftspace(monopole). Figure5.5showsthe3-pointcorrelationfunctionfor
triangleswiths1=20Mpc/h,s2=40Mpc/h(leftpanel)aswelass1=30Mpc/h,
s2=60 Mpc/h(rightpanel). Theerrorbarsareestimatedusingthestandard
deviationofthemeasuredsignalinthefourrealizations.Thetheoreticalprediction
forrealspace(Equation5.14)andredshift-spacemonopole(Equation5.22)areshown
inblueandredsolidlines,respectively.
Ourexpressionfortheangular-averaged(monopole)3-pointcorrelationfunction
inredshiftspaceappearstobevalidonlargescalescomparedtothatmeasuredfrom
theIndrasimulations. However,thepredictionforthemonopole,aswelasthe
highermultipolesofζα,shouldbeverifiedthroughfurthercomparisonswithN-body
simulationsonarangeofscalesandtriangularconfigurations.
1TheIndrasimulationswererunbyJie WangatJohnsHopkinsUniversityand3-pointfunction
measurementsarecourtesyofFelipeMarinatSwinburneUniversity.
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Figure5.5:Thetree-level3-pointcorrelationfunctioninrealspace(blueline)and
redshiftspace(redline)comparedtomeasurementsfromanN-bodysimulationin
realspace(bluedots)andredshiftspace(redsquares).Theleftpanelshowstriangles
withs1=20Mpc/h,s2=40Mpc/h,andtherightpanelshowstriangleswiths1=30
Mpc/h,s2=60Mpc/h.
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5.4 Conclusion
Modelingredshift-spacedistortionsinFourierspaceinvolvesintegrationovercom-
plicatedkernelsandquicklybecomesunwieldytoimplement. Wehaveshownthata
configuration-spaceapproachtoperturbationtheoryalowsustocalculatethetree-
level3-pointcorrelationfunctioninbothrealandredshiftspace. Thecalculation
ismathematicalystraightforward,involvingsimpleexpectationvaluesandtworo-
tationsofcoordinatesystem. Whiletheseresultsarepreliminaryandshouldbe
verifiedfurtherwithnumericalsimulations,thisapproachisapromisingfirststepto
includingredshift-spacedistortionsinmodelsofhigher-pointstatisticsofthematter
density. Bymodelingsystematicssuchasredshift-spacedistortionswecanaccess
morecosmologicalinformationfromthe3-pointstatisticsofthegalaxydensityfield.
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Conclusions
Thespatialdistributionofmatterintheuniverseisapowerfulprobeofcosmolog-
icalinformation.Accessingthisinformationrequiresaccuratetheoreticalmodelsof
systematicssuchasnonlinearityandredshift-spacedistortions.Inthisthesis,Ihave
presentedanewapproachtomodelingnonlinearityandredshift-spacedistortionsand
highlightedthemanyadvantagesofthisapproachbyapplyingitto2-pointstatistics,
densitytransformations,and3-pointstatistics.
InChapter2,Ipresentedtheconfiguration-spaceapproachtoperturbationthe-
orystartingfromtheZel’dovichapproximation.Iusedthisapproachtocalculate
thenonlinearcontributiontothecorrelationfunction.Iverifiedtheresultanalyti-
caly,throughcomparisontothepowerspectrum,andnumericaly,throughasuite
ofZel’dovichrealizations. Next,Ishowedhowthisapproachcanbeusedtomodel
thenonlinearcorrelationfunctioninredshiftspace. Whilenonlinearityandredshift-
120
CHAPTER6. CONCLUSIONS
spacedistortionsappearasdifficultconvolutionsinFourier-space,inconfiguration
spacetheytaketheformofasimplesumofproductsoflinearcorrelationfunctions.
Higher-ordercorrectionswilalsobesimplified,astheywilinvolvemoreproductsas
opposedtomoreconvolutions.Inthefuture,Iplantoextendthisapproachbeyond
theZel’dovichapproximationtomoreaccuratelypredictthenonlinearbehaviorof
theBAOpeakinredshiftspace.
InChapter3,Iconsideredtheeffectsofdensitytransformationsonthebiasof
theBAOpeak. Usingconfiguration-spaceperturbationtheory,Imodeledthenon-
linearcorrelationfunctionsofvarioustransformedfields.Ifoundthatalogarithmic
transform,whichproducesamoreGaussiandistribution,providesalessbiasedpeak
positionatlowredshift.Infuture,IplantotestthistheoreticalpredictionusingN-
bodysimulationsandapplythemethodtorealgalaxydatainordertodemonstrate
theimprovementtoconstraintsondarkenergy.
InChapter4,Idiscussedthechalengesassociatedwithmodelingthenonlinear
matterbispectrum,bothnumericalyandanalyticaly.UsingasuiteofN-bodysim-
ulations,ImeasuredtheerrorinducedbytransientsfrombothZel’dovichand2LPT
initialconditions.Ifoundthataccuratenumericalmodelingofthebispectrumat
moderate-to-highredshiftsrequiressimulationsthatuse2LPTinitialconditionswith
aninitialredshiftofzi≥100.Next,Itestedtheregimesofvalidityofseveralanalyt-
icalandphenomenologicalmodelsofthematterbispectrum.Ifoundthatwhilethe
phenomenologicalmodelsworkwelatlowredshift,the1-loopbispectrumfromSPT
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isabettermodelathighredshiftsonalscales.Inordertoaccessthefulcosmologi-
calinformationinthegalaxybispectrum,wemustdevelopmoreaccuratemodelson
alargerrangeofscalesandredshifts.
InChapter5,Ipresentedforthefirsttimeaconfiguration-space methodfor
calculatingthe3-pointcorrelationfunctioninrealandredshiftspace. Whilethe
real-spaceresultcanbefoundthroughaFourier-transformoftheSPTbispectrum,
theconfiguration-spaceapproachismuchsimplermathematicalyandmorepowerful
becauseitcanbeextendedtoincluderedshift-spacedistortions.Inthefuture,Iplan
tofurthertestthevalidityoftheredshift-space3-pointcorrelationfunctionusing
N-bodysimulations. Bymodelingtheredshift-spacedistortionsinthematter3-
pointcorrelationfunction,wecanaccessmorecosmologicalinformationinthegalaxy
densityfield.
Currentandfuturegalaxysurveyspromisetodelivervastamountsofdata,mean-
ingthatsystematiceffectswilsoondominateoverstatisticalerrorsinthedetermi-
nationofcosmologicalparameters.Accuratetheoreticalmodelsofnonlineargravita-
tionalevolutionandredshift-spacedistortionsarenecessarytoextractcosmological
informationfromthestatisticsoflarge-scalestructure.Thedevelopmentspresentedin
thisthesisshowthataconfiguration-spaceapproachprovidesmathematicalysimpler
resultsforthenonlinearandredshift-spacestatisticsthanthestandardFourier-space
approachesinarangeofapplications.Configuration-spaceperturbationtheoryisa
promisingavenueforfutureworkontheoreticalmodelingofthestatisticsoflarge-
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scalestructure.
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AppendixA
StandardPerturbationTheory
Kernels
InStandardPerturbationTheory,thedensityandvelocityfieldscanbewritten
perturbativelyas:
δ̂(k,τ)=
∞
n=1
D(τ)n(τ)δn(k), (A.1)
θ̂(k,τ)=−Hf
∞
n=1
D(τ)n(τ)θn(k) (A.2)
whereHistheconformalHubblerate:H=dlna/dτ=aH.
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Fromthefluidequations,thetermsδ̂n(k,τ)and̂θn(k,τ)canbewrittenas:
δn(k)= d
3q1··· d
3qnδD(q1+···+qn−k)Fn(q1,..,qn)δL(q1)···δL(qn)
(A.3)
θn(k)=− d
3q1··· d
3qnδD(q1+···+qn−k)Gn(q1,..,qn)δL(q1)···δL(qn)
(A.4)
whereδDisthe3-dimensionalDirac-deltafunction.ThekernelsFnandGnaredefined
recursively,withF1=G1=1:
Fn(q1,···,qn)=
n−1
m=1
Gm(q1,···,qm)
(2n+3)(n−1)
(1+2n)
k·k1
k21
Fn−m(qm+1,···,qn)
+
k2(k1·k2)
k21k
2
2
Gn−m(qm+1,···,qn) (A.5)
Gn(q1,···,qn)=
n−1
m=1
Gm(q1,···,qm)
(2n+3)(n−1)
3
k·k1
k21
Fn−m(qm+1,···,qn)
+n
k2(k1·k2)
k21k
2
2
Gn−m(qm+1,···,qn) (A.6)
wherek1≡q1+···+qm,k2≡qm+1+···+qn,k≡k1+k2,andF1=G1=1.
Inredshiftspace,wehave:
δs(k,t)=
∞
n=1
Dn(t) d3q1··· d
3qnδD(q1+···+qn−k)
×Zn(q1,···,qn)δL(q1)···δL(qn) (A.7)
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ThefirstfewkernelsZnare:
Z1(k)=(1+fµ
2) (A.8)
Z2(k1,k2)=F2(k1,k2)+fµ
2G2(k1,k2)
+
fµk
2
µ1
k1
(1+fµ22)+
µ2
k2
(1+fµ21) (A.9)
Z3(k1,k2,k3)=F
(s)
3 (k1,k2,k3)+fµ
2G
(s)
3(k1,k2,k3)
+fµkF
(s)
2 (k1,k2)+fµ
2
12G
(s)
2(k1,k2)
µ3
k3
+fµk(1+fµ21)
µ23
k23
G
(s)
2(k2,k3)+
(fµk)2
2
(1+fµ21)
µ2µ3
k2k3
(A.10)
whereµ≡k·̂z/k,k≡k1+···+kn,andµi≡ki·̂z/ki.Notethatthethird-order
kernelZ3muststilbesymmetrizedoveritsarguments.
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TheNonlinearRedshift-space
CorrelationFunction
Theexpressionforthenonlineartermintheredshift-spacecorrelationfunction
fromtheZel’dovichapproximationis:
ξ(2)(s,µ)=σ2v
4
=0
f/2B(f)ξ2(r)P(µ)
+
8
=0
2
m=0
6
n1,n2
f/2A,mn1,n2(f)ξ
m
n1
(s)ξ−mn2 (s)P(µ) (B.1)
where
σ2v≡
1
6π2
∞
0
PL(k)dk
Thenon-vanishingcoefficientsB(f)andA,mn1,n2(f)aredefinedbelow,grouped
bymultipole:
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B0=−
1
105
(105+140f+140f2+72f3+15f4) A
0,0
0,0=
1
225
(285+380f+320f2+144f3+27f4)
A0,02,2=
2
2205
(1785+2380f+2233f2+1098f3+216f4) A
0,0
4,4=
4
3675
(105+140f+140f2+72f3+16f4)
A0,11,1=−
4
525
(420+560f+497f2+234f3+45f4) A
0,1
3,3=−
4
1575
(315+420f+399f2+198f3+40f4)
A0,20,0=
1
315
(105+140f+140f2+72f3+15f4) A
0,2
2,2=
2
315
(105+140f+119f2+54f3+10f4)
B2=
2
735
(980+1295f+738f2+159f3) A
2,0
0,2=−
4
315
(385+484f+261f2+54f3)
A2,02,2=
4
3087
(1309+1786f+1017f2+216f3) A
2,0
2,4=−
16
1715
(140+179f+106f2+24f3)
A2,04,4=
16
11319
(77+110f+66f2+16f3) A
2,1
1,1=−
8
525
(308+395f+216f2+45f3)
A2,11,3=
4
1225
(581+740f+417f2+90f3) A
2,1
3,1=
4
525
(399+510f+283f2+60f3)
A2,13,3=−
16
4725
(231+315f+182f2+40f3) A
2,1
5,3=
16
14553
(231+297f+176f2+40f3)
A2,20,2=−
2
315
(98+131f+72f2+15f3) A
2,2
2,0=−
2
63
(28+37f+22f2+5f3)
A2,22,2=
4
441
(77+92f+49f2+10f3) A
2,2
4,2=−
16
8085
(231+297f+154f2+30f3)
B4=−
8
245
(21+19f+6f2) A
4,0
0,2=
8
175
f2(25+22f+6f2)
A4,02,2=
72
1715
(51+46f+12f2) A
4,0
2,4=−
32
3773
(88+85f+24f2)
A4,04,4=
144
1226225
(715+702f+216f2) A
4,1
1,3=
48
1225
(41+37f+10f2)
A4,13,1=
16
1575
(251+227f+60f2) A
4,1
3,3=−
16
5775
(231+217f+60f2)
A4,15,1=−
16
3465
(121+109f+30f2) A
4,1
5,3=
32
105105
(429+416f+120f2)
A4,22,2=
8
735
(61+56f+15f2) A
4,2
4,0=
8
1155
(55+52f+15f2)
A4,24,2=−
32
17787
(143+119f+30f2) A
4,2
6,2=
16
33033
(143+130f+30f2)
A6,02,4=−
32
539
(13+6f) A
6,0
4,4=
32
8085
(15+8f)
A6,13,3=−
32
2079
(43+20f) A
6,1
5,1=−
32
1155
(13+6f)
A6,15,3=
64
1485
(2+f) A
6,2
4,2=−
16
2541
(32+15f)
A6,26,0=−
16
693
(2+f) A
6,2
6,2=
32
5445
(5+2f)
A8,04,4=
128
2145
A8,15,3=
512
6435
A8,26,2=
128
6435
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TheRedshift-space3-point
CorrelationFunction
Theredshift-spacecorrelationfunction,ζs(s1,s2,s3)canbewrittenasafunctionof
thelengthsofthe3sidesofthetriangledefinedbytheredshift-spacepositionss1,
s2,ands3,aswelas2orientationangles,αandβ:
ζs(s1,s2,s3)=ζs(r1,r2,r3,α,β), (C.1)
wherer1=s1−s3,r2=s2−s1,andr3=s3−s2.Theangleαdescribestheangle
betweenthefaceofthetriangleandtheline-of-sightdirection,ẑ(soα=0describes
trianglesontheplaneofthesky).Theangleβdescribestheorientationofthe
trianglewithintheplaneofthetriangle.
Becausewearemoreinterestedinthedependenceonα(andweexpectthe
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dependenceonβtobeweaker),wemarginalizeoverβ:
ζα(r1,r2,r3,α)=
1
2π
2π
0
ζs(r1,r2,r3,α,β)dβ (C.2)
Thetree-levelexpressionforζα(r1,r2,r3,α)canbewritteninthefolowingway:
ζα(r1,r2,r3,α)=
8
=0
1
m=−1
5
n1,n2=0
f/2A,mn1,n2(f,x)ξ
m
n1
(r1)ξ
−m
n2
(r2)P(cosα)+(2cyclic)
(C.3)
wherexisthecosineoftheinner-angleofthetrianglebetweenr1andr2,fisthe
logarithmicderivativeofthegrowthfunction,andξmn(r)arethelinearcorrelation
functions,definedas:
ξmn(r)≡
1
2π2
PL(k)jn(kr)k
m+2dk (C.4)
Herewelistthenon-vanishingcoefficientsA,mn1,n2,groupedbymultipole()inα:
Monopoleterm( =0):
A0,00,0=
34
21
+136f
63
+6932f
2
4725
+2392f
3
4725
+2f
4
25
A0,02,0=A
0,0
0,2=
2f
63
+124f
2
6615
+106f
3
33075
A0,04,0=A
0,0
0,4=−
f2
735
+ f
3
1225
A0,02,2=−
4
21
+8f
21
+3362f
2
6615
+14494f
3
46305
+16f
4
245
+ 4
7
+20f
21
+152f
2
105
+1608f
3
1715
+48f
4
245
x2
A0,04,2=A
0,0
2,4=
4f2
735
+ 32f
3
25725
− 2f
2
147
+ 4f
3
1029
x2
A0,04,4=
8f2
1225
+ 8f
3
1029
+16f
4
3675
− 16f
2
245
+356f
3
5145
+32f
4
735
x2+ 8f
2
105
+8f
3
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+16f
4
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x4
A0,11,1=A
0,−1
1,1 =− 1+
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3
+226f
2
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+44f
3
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−27f
4
6125
x− 64f
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4
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A0,11,3=A
0,−1
3,1 =
8f2
125
+16f
3
525
+72f
4
6125
x+ 16f
2
375
+32f
3
875
+48f
4
6125
x3
A0,13,1=A
0,−1
1,3 =
64f2
375
+64f
3
525
+512f
4
23625
x+ 16f
2
375
+32f
3
875
+464f
4
70875
x3
A0,15,1=A
0,−1
1,5 =
256f4x
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−256f
4x3
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A0,13,3=A
0,−1
3,3 =−
12f2
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+8f
3
75
+668f
4
23625
x− 4f
2
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+8f
3
875
+116f
4
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x3
A0,15,3=A
0,−1
3,5 =−
64f4x
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+64f
4x3
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Quadrupoleterm( =2):
A2,00,0=
32f
945
+32f
2
4725
A2,02,0=A
0,0
0,2=
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315
+1804f
1323
+29068f
2
46305
+4f
3
35
A2,04,0=A
0,0
0,4=
f
105
+ f
2
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A2,02,2=
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441
+73210f
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+56606f
2
64827
+64f
3
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− 32
147
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7203
+3132f
2
2401
+96f
3
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x2
A2,04,2=A
0,0
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4
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+320f
7203
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2
36015
+16f
3
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7203
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2
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3
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x2
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32f
2401
+2456f
2
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+128f
3
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2401
+796f
2
7203
+1088f
3
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x2− 16f
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+16f
2
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+64f
3
693
x4
A2,11,1=A
0,−1
1,1 =
11
15
+299f
525
+59f
2
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− 3f
3
1225
x+ 128f
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+832f
2
3675
+64f
3
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x3
A2,11,3=A
0,−1
3,1 =−
1
5
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2
3675
+33f
3
1225
x− 32f
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2
3675
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3
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x3
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+1054f
2
4725
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3
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2
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+2768f
3
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0,−1
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−848f
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2
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3
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0,−1
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2
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3
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525
+4f
2
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3
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A2,15,3=A
0,−1
3,5 =−
68f2
6615
+ 76f
3
24255
x− 4f
2
2205
+244f
3
43659
x3
Octopoleterm( =4):
A4,02,0=A
0,0
0,2=
32f
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0,0
0,4=
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1225
+1028f
8575
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2
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A4,02,2=
2624
12005
+6752f
36015
+72f
2
1715
+ 5248
12005
+4544f
12005
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2
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x2
A4,04,2=A
0,0
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32
2401
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+192f
2
3773
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2401
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+288f
2
3773
x2
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436
60025
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2
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− 436
12005
+ 356f
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+15696f
2
245245
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245
+288f
2
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x4
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+24f
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2
67375
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2
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x3
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2695
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2
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+432f
2
67375
x3
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+4546f
2
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2
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x3
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1
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2
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2695
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2
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x3
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2
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2
125125
x3
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0,−1
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8f
2695
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2
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x+ 8f
2695
+108f
2
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x3
=6term:
A6,04,2=A
0,0
2,4=
4
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+ 4f
539
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x2
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64f
8085
+32fx
2
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4
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A6,11,1=A
0,−1
1,1 =
32
1925
+ 96f
13475
x+ 64
5775
+ 64f
13475
x3
A6,11,3=A
0,−1
3,1 =−
8
1925
+ 24f
13475
x− 16
5775
+ 16f
13475
x3
A6,13,1=A
0,−1
1,3 =−
736
51975
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51975
x− 208
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+ 1648f
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x3
A6,15,1=A
0,−1
1,5 =
67
10395
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x+ 16
3465
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x3
A6,13,3=A
0,−1
3,3 =
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7425
+ 82f
17325
x+ 52
17325
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155925
x3
A6,15,3=A
0,−1
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10395
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24255
x− 4
3465
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=8term:
A8,04,4=
2
2145
+16x
2
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4
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A8,13,1=A
0,−1
1,3 =
32x
19305
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3
57915
A8,15,1=A
0,−1
1,5 =−
4x
19305
− 16x
3
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A8,13,3=A
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3,3 =−
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3
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A8,15,3=A
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3,5 =
x
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3
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133
Bibliography
Anderson,L.,etal.2012,MNRAS,427,3435
—.2014,MNRAS,439,83
Baldauf,T.,Seljak,U.,&Senatore,L.2011,JCAP,4,6
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